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A theoretical scheme is presented for the adiabatic generation of N-quNit singlet states with
N > 3, which may be more feasible than previous ones in a cavity. In this proposal, the system may
be robust both parameter fluctuations and dissipation along a dark state. In addition, quantum
information is only stored in atomic ground states and there is no energy exchanged between atoms
and photons in a cavity so as to reduce the influence of atomic spontaneous emission and cavity
decays.
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I. INTRODUCTION
As a powerful tool in quantum theory, quantum entanglement can be employed not only to test quantum nonlocality
[1], but also have been shown to various applications in quantum information processing [2–7]. It is well known that
high-dimensional states have more specific properties than bipartite ones. An N-quNit singlet state with its total spin
being zero is an example, which was proposed by Cabello in 2002 [8]. Its mathematical expression is
|S(N)N 〉 =
1√
N !
∑
permutations
of 01···(N−1)
(−1)t |ij · · ·n〉, (1)
where t is the number of transpositions of pairs of elements that must be composed to place the elements in canonical
order. These entangled states can be used in proofs of Bell’s theorem without inequalities [9] and play an important
role in constructing decoherence-free subspaces [10].In addition, singlet states can also be applied to realize an unknown
unitary transformation [11] and solve several practical problems without classical solutions, including “N -strangers”,
“secret sharing” and “liar detection” [12].
Although a singlet state possesses lots of distinctive features, Cabello had ever pointed that it was a great challenge
to prepare this kind of states with N > 3. So far, there have been several scenarios proposed to generate singlet states
involving three or more atoms, but most of them only refer to three-qutrit singlet states, in which two main methods
are used [13–22]. One is to need several steps which was first raised by Jin et al.[13], while the other one is to add
a separated state to a lower-dimensional singlet state in one step, which was first put forward by our group in 2009
[16]. Obviously, the second one may be a potential candidate to realize any-dimension singlet states. In 2010, Shao et
al. used the mode of Λ-like multilevels atoms interacting with a multi-mode cavity with similar ways [17].Although
the idea is exciting, it may be hardly realized for high-dimension ones with N > 3. Because of it, we propose an
alternative scheme with the combination of Rydberg blockade and adiabatic passage technologies in 2016 [23], which
may provide a new idea for the preparation of N-quNit singlet states and other high-dimension entangled states. Of
course, we should admit that the proposal may be very difficult due to the utilization of ladder-type Rydberg atoms.
In this paper, we propose another scheme to generate N-quNit singlet states in a cavity. Different from previous
ones, we store quantum information in ground states of wave-type atoms and use a single-mode cavity to act as a
medium, which has been broadly used before[24]. Thus, our protocol would be feasible.
The paper is organized as follows. In Sec. II, details for the generation of N-quNit singlet states are described. Sec.
III makes numerical simulations and analysis. A conclusion is made in Sec. IV.
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FIG. 1: (Color online)Atomic level configurations
II. GENERATION OF N-ATOM SINGLET STATES
As illustrated in Fig.1, we consider that N atoms are trapped in a cavity, where each atom has N ground states
|g0〉k, |g1〉k, ..., |gN−1〉k(k = 1, 2, ..., N) andN−1 excited states |e0〉k, |e1〉k, ..., |eN−2〉k with the subscript k representing
the kth atom or a laser pulse (cavity mode) interacting with the kth atom in the whole paper. The atomic transition
|gj〉k ↔ |ej〉k(j = 0, 1, ..., N − 2) is driven by a classical laser pulse with time-dependent Rabi frequencies Ωjk(t) and
detuning ∆j+1, while the transition |ej〉k ↔ |gj+1〉k is coupled to the cavity mode with coupling constant gj+1,k and
the same detuning ∆j+1. Then, with the consideration of resolved sidebands and rotating-wave approximations, the
total Hamiltonian for this system, in the interaction picture, reads (~ = 1)
HI =
N∑
k=1
N−2∑
j=0
(
Ωjk|ej〉k〈gj |ei∆j+1t
+gj+1,k|gj+1〉k〈ej |a+e−i∆j+1t
)
+H.c.,
(2)
where a+ is a creation operator of the cavity. Taking account of large detuning conditions, i.e. ∆p+1 >>
Ωjk, gj+1,k(p, j = 0, 1, ..., N − 2), all excited states |ej〉k can be adiabatically eliminated, leading to the effective
Hamiltonian
He = −iHI
∫
HIdt
=
N∑
k=1
N−2∑
j=0
[
Ajk|gj〉k〈gj |+Gjk|gj+1〉k〈gj+1|a+a
+
(
Bjk|gj+1〉k〈gj |a+ +H.c.
)]
,
(3)
where Ajk = − Ω
2
jk
∆j+1
,Gjk = − g
2
j+1,k
∆j+1
, Bjk = −Ωjkgj+1,k∆j+1 , (j = 0, 1, ..., N − 2; k = 1, 2, ..., N). The first term describes
Stark shift induced by a classical laser, the second one shows photo-number-dependent Stark shift and the third denotes
the interaction between cavity mode with the transition |gj+1〉 ↔ |gj〉, respectively. By using the nonresonant coupling
of other lasers with the corresponding atom levels, these energy level shifts can be compensated straightforwardly
[26], then we have
He =
N∑
k=1
N−2∑
j=0
[
Gjk|gj+1〉k〈gj+1|a+a
+
(
Bjk|gj+1〉k〈gj |a+ +H.c.
)]
.
(4)
For the sake of simplicity, all atoms except the first one are assumed to have same parameters, i.e. Xjk = Xj2(X =
Ω, g,∆, A,B,G; k = 2, 3, ..., N) and Stark shifts for all levels are set to be equal, i.e. G0k = G1k = ... = G(N−2)k = G
(k = 1, 2, ..., N). It should be pointed out although Stark shifts Gjk for all levels can not directly be equal, but we
can use compensating technologies to let them be approximately equal, which is sufficient for our proposal. Further,
if the initial system state is |ζ0,N 〉 = |gN−1〉|SN−1,0〉|0〉 with the first atom initially being in |g0〉, atoms from 2 to N
preparing in a singlet state |SN−1,N−1〉, and the cavity in the vacuum state |0〉, then the whole system will be confined
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FIG. 2: (Color online)Logic states and transitions for the generation of N-atom singlet states.
in the closed subspace {|ζj,m〉} (0 6 j 6 N − 1, 1 6 m 6 N − j) without the consideration of any dissipations, where
|ζj,m〉 = |gj+m−1〉|SN−1,N−m〉|j〉,
|SN−1,0〉 = 1√
(N − 1)!
∑
permulations of
g0, g1, ··· ,gN−2
(−1)t |i, j, · · · , n〉,
|SN−1,q+1〉 = σ+|SN−1,q〉 = (|g1〉〈g0|+ |g2〉〈g1|
+...+ |gN−1〉〈gN−2|) |SN−1,q〉(q > 0).
(5)
In this case, the Hamiltonian for the whole system reduces to
H = GN
N−1∑
j=0
j|ζj,1〉〈ζj,1|+G(N − 1)
N−1∑
j=0
N−j∑
m=2
j|ζj,m〉〈ζj,m|
+
N−1∑
j=0
N−1−j∑
m=1
(√
j + 1Bj+m−1,1|ζj,m〉〈ζj+1,m|
+
√
j + 1Bj+m−1,1|ζj,m+1〉〈ζj+1,m|
)
(6)
To demonstrate this Hamiltonian more clearly, we depict the relation of |χjm〉 with different j and m in Fig.2, where,
for example, the lowest levels correspond to the system state with the cavity mode in the vacuum states. Through
solving the eigenvalue equation of H, we obtain a time-dependent dark state with a null eigenvalue
|D (t)〉 ∼
N−1∑
p=0
(−1)p
 p−1∏
j=0,p6p−1
Bj,1
N−2∏
m=p,m6N−2
Bm,2

× |ζ0,p+1〉
(7)
For simplicity, we set Bjk = χjB0k(t) (k = 1, 2) with χj being time-independent. Due to Bjk = −Ωjkgj+1,k∆j+1 , if we
design laser pulses satisfying
lim
t→−∞
B02 (t)
B01 (t)
= 0, lim
t→+∞
B02 (t)
B01 (t)
= 1, (8)
then we can adiabatically transfer the initial system state |ζ0,N 〉 to an N-atom singlet state
|D(+∞)〉 ∼ 1√
N !
N∑
k=0
(−1)k|ζ0,k+1〉 = |SN 〉. (9)
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FIG. 3: (Color online)An explicit example for the fidelity of the generated singlet states for N = 3, 4, 5, 6 varying with the
interaction time t, where T = 800/Ω0, τ = T/2, g = Ω0,∆ = 10Ω0 have been chosen
III. NUMERICAL ANALYSIS
According to Eq.(8), we can design two time-dependent pulses to be [25]
Ω01 = Ω0 exp
(
− (t− τ)
2
T 2
)
+ Ω0 exp
(
− (t+ τ)
2
T 2
)
,
Ω02 = Ω0 exp
(
− (t− τ)
2
T 2
)
,
(10)
where Ω0 represents the time-independent amplitude and T (τ) the pulse width (delay).
To begin with, the procedure of the generation of singlet states is illustrated. In order to do it, we define the fidelity
FN = |〈SN |ρ(t)|SN 〉| for the singlet state with N atoms with ρ¨(t) satisfying the Schro¨dinger equation ρ˙ = −i[He, ρ].
In Fig.3, we only give the illustration for N = 3, 4, 5, 6 with the choice of T = 800Ω0 , τ =
T
2 , g = Ω0,∆ = 10Ω0, which
can also show the similar procedure for N > 7. Results show that the fidelity for N = 3 to 5 can rise to the value
close to 0.99, and the maximum fidelity for N = 6 can also reach about 0.97, meaning that a singlet state for three,
four, five, or six atoms can be generated. In addition, we can predict a singlet state for N atoms with N > 7 can be
realized if we have prepared the singlet state with N − 1 atoms.
However, we should admit that the fidelity will decrease quickly with the increase of N when all parameters have
been set. For example, it is noticed that the fidelity of the generated singlet states for 5 atoms is about 0.99, whereas
the fidelity for 6 atoms is only 0.97 in Fig.3. How can we improve the final fidelity for 6 atoms? In this paper, we
raise the pulse width, pulse delay and the required time to increase the fidelity. In Fig.4, the graph illustrates the
relation between the fidelity for 6 atoms and pulse width, where we have set g = Ω0,∆ = 10Ω0, τ =
T
2 , t = 5T . It
is clearly demonstrated that the larger T is, the greater the fidelity F is, and the fidelity will finally reach a stable
value which is close to 1. For instance, the fidelity raises from F = 0.946 to 0.981 with the increase of T from 600Ω0
to 1200Ω0 . Thus, in ideal conditions, we can enlarge corresponding parameters to improve the fidelity. But, we should
also accept the fact that it may result in some other problems, such as the effect of photon decay and spontaneous
emission. Therefore, our protocol may only be realized for limited number of atoms. In the following paragraphs, we
focus on laser pulse width T = 800Ω0 .
Last but not the least, we take the effect of photon decay into account. To achieve this motivate, we resort to the
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FIG. 4: (Color online)Fidelity of the prepared states versus pulse width, where parameters g = Ω0,∆ = 10Ω0, τ = T/2, t = 5T
master equation expressed as
ρ˙ = −i[He, ρ]− κ
2
(a+aρ− 2aρa+ + ρa+a) (11)
where κ denotes the decay rate of the cavity mode. In Fig.5, we only depict the curve for the relationship of the
fidelity versus the decay for 3 6 N 6 6, where we have set g = Ω0,∆ = Ω0, T = 800Ω0 , τ =
T
2 , t = 5T . From the
graph, we can clearly see that the fidelity of the generated singlet states is scarcely insensitive to cavity decay. For
example, the fidelity for N = 3 only drops from F = 0.997 to 0.994 when the cavity decay rate increases from κ = 0
to 0.1, while the fidelity for N = 6 only drops from F = 0.965 to 0.957. It should be noticed that the system must be
influenced by spontaneous emission of atoms, But this effect may be suppressed with all atoms only virtually excited.
IV. FEASIBILITY AND CONCLUSIONS
In this part, we first make a discussion on the feasibility. The atomic levels used in our proposal can easily be
found in hyperfine states of natural or artificial atoms, such as Cs atoms. Of course, we should admit that the
scale for the generated singlet states is limited by atomic structures. For example, if we choose hyperfine states
|F = 4,mF = −4,−3, ..., 4〉 of 62S1/2 of 133Cs atoms to act as ground states |gj〉(j = 0, 1, ..., 8) and |F = 5,mF =
−4,−3, ..., 3〉 of 62P3/2 to act as excited states |ej〉(j = 0, 1, ..., 7), then we can only realize the generation of an
N-quNit singlet state with N = 9 in an ideal condition. In addition, If we choose the parameters (g,Γ, κ, )/2pi =
(750, 2.3, 3.5)MHz which is predicted by Ref.[27], then the fidelities for the generated singlet states for N = 3, 4, 5, 6
are about 0.997, 0.993, 0.983, 0.965, respectively. Thus, our proposal may be feasible for the generation of singlet states
with N limited.
In summary, a novel scheme has been proposed to generate an N-quNit singlet state with adiabatic passage, which
may be suitable for arbitrary N in theory. Although the scale of a singlet state in the present paper is restricted
by atomic structures, it may be the first one with cavity QED or similar physical systems. In addition, quantum
information is only stored in ground states, leading the system to nearly be insensitive to atomic spontaneous emission
and photon decays. Finally, the present scheme may be realized with current techniques.
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FIG. 5: (Color online)Fidelity of the prepared states versus the cavity decay reate κ, where parameters g = Ω0,∆ = 10Ω0, T =
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